We study the effect of the geometry and topology of a scalar-tensor cosmic string space-time on the electric and magnetic fields of line sources. The influence of the dilaton field both on electric and magnetic self-forces is quite remarkable in the region near the defect, where their behavior is inverted as compared to the far region.
Introduction
It is a well known fact [1, 2] that a point charge in a static gravitational field experiences an electrostatic force due to the deformation of its electric field lines produced by the geometry of space-time. The net effect is a self-force on the charge. The study of self-forces on electric charges in the presence of topological defects started when Linet [3] and Smith [4] found the electrical self-force on a point charge in the presence of a cosmic string. de Mello et al [5] found both the electric self-force on a line of charge and the magnetic self-force on an electrical current parallel to a cosmic string.
All the above-mentioned results have been obtained in the framework of Einstein's gravity. There are, however, arguments in favor of a scalar-tensor gravity theory which predicts, by mathematical consistence, the existence of one (or more) scalar(s) field(s) with gravitational-strength couplings. This is in part a consequence of superstring theory [6] , which is consistent in ten dimensions (or M-theory in eleven dimensions), but also the more phenomenological recent developments of "braneworld" scenarios [7, 8] have motivated the study of other gravitational theories in four-dimensions. Clearly, if gravity is essentially scalar-tensorial there will be direct implications on observed effects both in the small scale scenarios of alternative theories of gravity [9, 10, 11, 12] and in the large scale cosmological scenarios from modified gravity [13] .
It is our interest here to consider small-scale effects and to generalize the results of reference [5] and to show these modifications to the case of a scalar-tensor cosmic string. In this work we find the self-energy and self-force on a line source in the presence of a scalartensor cosmic string. We look both at the case of the source being a line with uniform charge density or a constant current. In doing this, we get information both in electric and magnetic self-interactions. The layout of this work is the following. In the section 2, we calculate the self-energy and the self-force self-energy and self-force on a line source in the presence of a scalar-tensor cosmic string. We compare these expressions with the ones obtained in the General Relativity case. In the section 3, we summarize our main results.
The self-energy and the self-force on a line source
The solution of Einstein equations for a straight infinite cosmic string in the framework of the scalar-tensor theory was found, in the weak field approximation, by one of us [14] . The line element, in cylindrical coordinates, with the string placed along the z -axis, is given by
where β 2 = (1 − 8G 0 µ). Here, G 0 is the φ 0 -dependent effective gravitational constant defined as G 0 ≡ G * A 2 (φ 0 ) (G * being some bare gravitational coupling constant, A 2 is an arbitrary function of the dilaton field), α 2 (φ 0 ) is a Post-Newtonian parameter which expresses the coupling between matter and the dilaton field and φ 0 is the value of the dilaton field evaluated by solar systems experiments [15] . Since our problem is effectively two-dimensional, we will work with the (t=const, z =const) section of metric (2.1). For convenience, we perform the change of variables
in order to write the two-dimensional metric in conformal fashion,
where
Consider now an infinitely long straight wire, placed parallel to the z -axis, at the position r ′ = (r ′ , ϕ ′ ), with uniform linear charge density λ. The corresponding threedimensional charge density is
Given an arbitrary distribution of charge ρ( r),the electrostatic energy is given by [16] 6) where G (3) ( r, r ′ ) is the three-dimensional Laplacian Green function. In our case, the problem is effectively two-dimensional so the electrostatic energy per unit length is
where G
d ( r, r ′ ) is the two-dimensional Green function in the space described by metric (2.3).
By substituting (2.5) in (2.7) and taking the limit r → r ′ the electrostatic energy per unit length is obtained as
Here, G (2) ( r, r ′ ) is the Euclidean Green function, solution of the two-dimensional Poisson equation 10) where ∆ E is the two-dimensional Euclidean Laplacian. The regularization, by extraction of the divergent part of the Green function, is necessary in order to obtain a finite result for the energy. On the other hand, this also guarantees that no finite self-energy survives in the absence of the cosmic string.
It has been shown by Grats and Garcia [17] that, since any two-dimensional metric can be put in the form given by eq. (2.3), the Laplacian Green function in the corresponding space can be expanded in terms of the geodesic distance σ( r, r ′ ), such that
where 2σ( r, r ′ ) is the squared geodesic distance between the points r and r ′ , t a is the tangent vector to the geodesic at point r, and the tensor θ ab has the form
where ∇ a is the covariant derivative and g ab is the metric tensor.
Since the Euclidean Green function can be written as
This equation shows explicitly that the self-energy appears from the geometry induced by the defect. Using (2.14), (2.8), (2.4) and returning to the variable R, eq. (2.2), we get
and
Notice that, when α 2 (φ 0 ) → 0, we recover the Einstein gravity result, equation (18), of reference [5] .
In order to find the self-force on the line current we consider now a new reference framē S, moving parallel to the string with velocity u. The Lorentz transformation for forces is [18] 
Since we are dealing with force per unit length we should add an extra γ for the space contraction, so thatF
since l = (1/γ)l. Therefore the electric force for unit length in frameS is
But the force between the line of charges and the string is independent of the observer. So, there should be a magnetic forcē
due to the current I = λu that appears inS as consequence of the motion of the charged line. Transforming¯ F mag /l back to S, we obtain the magnetic self-force on a linear current density J = Iδ (2) ( r − r ′ )ẑ parallel to the string
Again, when α 2 (φ 0 ) → 0, we recover the Einstein gravity result, equation (25), of reference [5] . Let us discuss now the behavior of the self-energy. In figure 1 is shown for comparison the electric self-energies, both in the scalar-tensorial (ST) and in the General Relativity (GR) models, when the line of charge is far from the defect (R >> R c ). The behavior is quite similar, both yielding repulsive self-forces.
For the region where R ≈ R c there is a striking difference, as shown in figure 2: there is a minimal radius R min where the the ST self-energy diverges. Moreover, the self-energy has a minimum at R 0 below which the force is attractive. From eq. (2.15), with the condition that the quantity between square brackets is positive, we find
For the GR case, α = 0 then R min = 0. The position of the minimum of the self-energy is obtained from eq. (2.16) with the condition F ele /l = 0,
Comparing the expression for the magnetic self-force, eq. (2.21), with the one for the electric self-force, eq. (2.16), we see that they are proportional to each other:
(2.24)
The minus sign in the above equation implies that, for R min < R < R 0 , the magnetic self-force on the current-carrying wire is repulsive and, for R > R 0 , attractive.
Conclusions
In this work we determined the electric and magnetic self-interaction of line sources in the presence of a scalar-tensor cosmic string. When the source is placed away from the defect the self-interaction is quite similar to the result obtained in the General Relativity framework. On the other hand, near the defect, the dilaton field introduces interesting new phenomena: a forbidden region 0 < R < R min and an inversion of the electric (magnetic) self-force behavior, going from repulsive (attractive) in the far region to attractive (repulsive) in the near region.
